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Lecture 1 - January 10

Syllabus & Introduction

Safety-Critical Systems
Code of Ethics of a Professional Engineer
Developing Safety-Critical Systems



safety-Critical Systems
e.g.

1. nuclear power plants (Parlington).
2. auto driving.
3. pasemaker (pacemaker challenge McMasta)

4. bridge controller one-wayD
limited

island
②capacity mainland



EFS43/7⑤⑨Precise no scope ofmultiple interpretation
↳ math!

complete
no missing sceness.
↳ all possible"executionsofthesysten



Cnotin themani-stml X
domainimplementation carif sanotbe dsaferof pro = 1vf

tysoul direct
Java, Is Reg. e.g. sensor-value

<T

Python.--dos.

forma late folate
- 1.

assurate
X

V & #plication ② v

formal spec > formal invariant- =



Lecture 2 - January 12

Introduction

Safety-Critical vs. Mission-Critical
Formal Methods, Industrial Standards
Verification vs. Validation
Model-Based Development



equase.SCS MCS
MCS

·Financial
SCS software
-

⑭SCSE MCS
--

or automobilesaviations

1) SSS => MCS website palemaller
Itware

exing (so
13. MCS I SCS +5 narsia

mission safety
C



Mission-Critical vs. Safety-Critical

Source: http://pdf.cloud.opensystemsmedia.com/advancedtca-systems.com/SBS.Jan04.pdf

⑳C

(most) SIS

· MCS

(least)
·

↓
2342, 43formal method)



safety property -> predicates

↓

invariant every possiblestate ofthe systemone
shouldsatisfyit.
↓
1
+0...(i
+055

reactive

system Il Si safe
running assums safe.
the time of I prove S55.17
(infinite state)



costs
notright, withoutsing

I

⑦areaswetionbuilding
the potone ght?↓ ↓

lisit
propering?

fare we building the rightpodet?
goa & ↓
ASS43R. does it

deviate

from
the intended

customer's
veg.



Building the product right?

↓depends on
library classes



Building the right product?

↓
does theset ofregutemansettends



↓
gival reg writtenin Asiaformat one

↑

↓ NATdescrip
↓

ptions

giventhestrategyon 1. prove

formulate#statemachinesoigtatiet



Source: https://resources.sei.cmu.edu/asset_files/whitepaper/2009_019_001_29066.pdf

Research on “Assurance Cases” if interested!

Certifying Systems: Assurance Cases
· fIt

correct eficient
-

a.Gn) #esting

Rodin- - tes



Correct by Construction

Source: https://audiobookstore.com/audiobooks/failure-is-not-an-option-1.aspx

2. Instead, distribute differentproperties to 3. Grove mjis a MI is
different more

models ·finalabstractthanany
Mo ... M

=
*

mj ... Mn

all modelsthesame system, Ihaving a segle I
model

all pard provingre

initials on itis finalsophisticatedas
msimplestwast
infeasible ↑ concrete

most 2
most model
intomodel.

for closestating code.



m0

m1

m2

Correct by Construction: Bridge Controller System

mo.... m.my... Mr

island)
bridge

(mainland



Correct by Construction: File Transfer Protocol

m0

m1: more concrete than m0

mo.... m.my... Mr

↓
abstracted away delay insendingreous transfer



Lecture 3 - January 17

Math Review

Propositional Logic & Predicate Logic



Announcement 

• Lab1 released 
+ tutorial videos
+ problems to solve
+ Study along with the Math Review lecture notes.

~ 2.5
hours
-BankBi

man-

Look
atthelink-dirlitoone



Q. Are the ∧ and ∨ operators equivalent to, respectively, && and || in Java?

Logical Operator vs. Programming Operator

sosquisati
&88eCuates to Fa
skip the evaluation ofRHS

⑤

& ↑
logical short-circuit programmingeator
a ⑪ 1132 operator
⑰ ↳ if IHS evaluates to is 4 nntime evaluation

skip the evaluation of RHS



Assessing Array

is= 0 && ica length
stagin.1043-D ⑦

1/ exptessi,the~ conditions
guarding

& I == -7 D evaluates to ID,skipped
overall:If

⑦ I ==12 D evaluates I& evaluates to #

③ skipped to overall:If



int] a =..-

Exercise Assume a length ==10

to(afcxc+1
↑ to

foguarding.i alength &ati] > 10 &&
i

==0

↳ does this propertyguard at]?
↳ No:witness:I

Exercises:Toy other ordering ofguarding conditions



Implication ≈ Whether a Contract is Honoured1

Tme => Tme =TrsBEONT Tme => False =False
I donei benefits

promised obligations
False => ime =

1 terms False => False =True

promisobligations contrasttobreached
terms fulfilled notregardlessoftheredone



Expressing Implications
q if p, p is sufficient for q

p only if q, q is necessary for p

q unless ¬p

p: snow storm
q: cancel class

one
condition to be

↑for ET.

↓P &

gistul
If P
istal

ifpl
tus

no guarantee what is italreadyP, for >

Prove P(> G
isp =>g (p)optomessa

<-D (2)g=p(p Ig)
P is not is don't save.



-1P
P =>G IP2GE &

Give
7 Xc) Inverse:IP =>
- g -x0xX110 =>

is, Converse:>P y >3vy<5

13. Contrapositive:7G =><P()
CIness of

converse
(2)
(apple anewapplicateone



Identiti
trs => P

=pO
+i ==

1 xi =I
tm2 xP =p

false vp =p

Ee
false => P =The

false xp=

tm2 Up =true



Predicate Logic: Quantifiers

∀ i • R(i) ⇒ P(i)

∃ i • R(i) ∧ P(i)

- syntax
- base cases in programming

-> for each is
range property. If Isatisfies R,

then iis satisfied.
N

Simplicitlyif no such

G i satisfies RC
then Vis T

there's at least one I,
St. T is in the range and I satisfies P.-

I implicitly, if no such a satisfies is then J is F)



Lecture 4 - January 19

Math Review

Predicate Logic
Sets



Announcement 

• Lab1 released 
+ tutorial videos
+ problems to solve
+ Study along with the Math Review lecture notes.



Predicate Logic: Quantifiers

∀ i • R(i) ⇒ P(i)

∃ i • R(i) ∧ P(i)

- syntax
- base cases in programming

booian@ositive (int] asS· ↓) iif (alength = =0) SD return truss
false
7 /

for emptyuniversal 3
"no witness in empty<- cerif array

can provethawise
X
A array, falseways ↓

boolean somepositive (in+i]a

&
existentials

if (a. length ==0) Se return falie,a
pertytake. "IfiXinTeriis pro no witness

for empty
↳ whatif it'semptyfalse posit

one I in empty

R(i) I away canarray, false T.8.. for
anyvalue of prove so



E ExercisesNCRaZ
*the setofall naturalsare

Ithe setof all integer It's
2 -y,.. . -0,... -1)



VisjmusI)=> PCT)T
↳ should hold for #

↳ pay attention to how combinations of

*and Ishould be wisein Rodin.



Logical Quantifiers: Examples

∀ i • i ∈ ℕ ⇒ i ≥ 0

∀ i • i ∈ ℤ ⇒ i ≥ 0

∀ i, j • i ∈ ℤ ∧ j ∈ ℤ ⇒ i < j ∨ i > j

∃ i • i ∈ ℕ ∧ i ≥ 0

∃ i • i ∈ ℤ ∧ i ≥ 0

∃ i, j • i ∈ ℤ ∧ j ∈ ℤ ∧ (i < j ∨ i > j)

=I
Os(n],...

- IfIt.
-
=J (3)· manu ~

3721372 323353man
W ⑦e.g. witness:O, Is...

F2.9.3843247&
<D3744E2< witness:F3 , j=4



Logical Quantifiers: Examples

How to prove ∀ i • R(i) ⇒ P(i) ?

How to disprove ∀ i • R(i) ⇒ P(i) ?

How to prove ∃ i • R(i) ∧ P(i) ?

How to disprove ∃ i • R(i) ∧ P(i) ?

zao ofEp =0.

harder, C1) showzRC) (i.e. emptyuniverse
ofdisclosure

⑬show R(i): PSi) (T.. allelementsinnon-empt
at

(similar (i) show a witness [S.t.RCi): PCis) TET ==

givea counter. example/witness IS.t. R(i)s2Psi)
(i.5, an elementin

array butdoes not
(1)show (R(i) sempty). FXP = E satisfif prophity).horde

<-igshow R()s uPCT)



Prove/Disprove Logical Quantifications⑪

non-empty: i2.s....a vEall < 0.
↳ counter-example/witness:X=k

T =F
=

↳ witness:2 TNT =I
⑰

↳ non-empty: 1.3.3.iexF



Logical Quantifications: Conversions

(∀ X • R(X) ⇒ P(X)) ⇔  ¬(∃ X • R ∧ ¬P ) 

(∃ X • R ∧ P) ⇔  ¬(∀ X • R ⇒ ¬P)

R(x): x ∈ 3342_class
P(x): x receives A+

De Morgan

L(pug)
=1pxig

=2(7X.(k(x) => P(X)))
=2(7X.z(zR(x) vP(x))) =i(5x.R(x) xiP(x) >

↓
eciss!

W



Lecture 1b

Review on Math: Sets



91,2,33 = 92, 3:13 EmptySet:

S/s2,3,23 x 101 =0 93
19122,531 = 3

Set Comprehension (x/xzN + x<53

5tN 9 3957,8....0]
-2tN ↓ containtlistof variables



sids d
↓ be

inSu

-

may

S279),a
t

5 C Su·SE, SunSmasie



Power Set

Calculate the power set of {1, 2, 3}.

Given a set S, formulate the cardinality of its power set.

#(S) =9x1 xCS3
each member in

->
a power set is ast

#(91,3,33)
7①> A*card is 0 */

subsets5533s933
now

manyany
=

4 3
-

ofsaid." 91223,93,33,91s33s3.
of sard.2 91.3.33 *card (913333)

->

1SY)+P)ebaaSS(S)



(2) =(n1,1 =.
(1) =(n

=1)



Lecture 5 - January 24

Math Review

Relations



Announcement 

• Lab1 submission due in a week 
+ tutorial videos
+ problems to solve
+ Study along with the Math Review lecture notes.



Sets: Exercises

Set membership: Rewrite e ∉ S in terms of ∈ and ¬

Find a common pattern for defining: 
1. = (numerical equality) via ≤ and ≥

 2. = (set equality) via ⊆ and ⊇

S = {1, 2, 3}, T = {2, 3, 1}, U = {3, 2}
S T U

S
T
U

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

Is set difference (\) commutative?

"24S =2(e+5)

-.

-> (x,y. x+2 xyt2x
W

x =y =>

= .. . I & xxy xx =7.④

RHS
- ②

-

-B.E
-

OF ⑦FF S =T = SCTXSIT.-

CHS ⑦F ⑦IF
- ⑦IIII ⑦ lexercise!). SIU UIS

in general
SITITISENUSNo. I /



Bidirectional Subset Relations: Programming

/* Return the set of positive elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)

Formulate the `allPositive` method using a set comprehension.

S

input =52s3g -1, 45 -23 formulate
allPositing (input) = 92,3,43 x XC input.

21,235463X ↓ vallPositive (input) = [x x > 0 3
notcomplete



Bidirectional Subset Relations: Programming

/* Return the set of positive elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)

Say: 
- S denotes the subset all positive elements from `input`.
- Set `output` denotes the return value from `allPositive`.

Formally relate the two sets S and output.

post-condition

input (N))
↳0 output

RIDOUtputCSJS:outtcunsatisfyS(z0) · Whatif only pl is required?eg.4output
· Whatif only42 is required? 2.g.containsin



inpul
↳0 output[8X.XtS=><< output

S(20) raidorpatriotresin
x,0

(P1) Ax | XC output=>S

(P2) fx mnX>0 => XCoutput
x = S



↑ cS

Tie if IS1> 0

False ifIS1 =0
"PC4 E.

S2
Sl

SCSIC but> SIS



Cardinality of Power Set: Interpreting Formula

• Calculate by considering subsets of various cardinalities.
• Calculate by considering whether a member should be included.

flexible:e.g. how many
subsets of

↓ card between
I and u

IS/ ⑰

- (P(s)) =(1818+( (S1) +...)
m m↓ # of subsets # subsets # maximum

sarbinisen of card & ofcard | subset of sard 151

S =59,6323

21st ab( subset

o · ⑦ ①
· · 1 \c3
!

1 1 <acbsC3



Lecture 1b

Review on Math: Relations



Set of Tuples

Example: Calculate {a, b} ✘ {2, 4} ✘ {$, &}

I S8S2.. . .X1 =1s./*(5) ... let
multiplication

in
the
resulting (G:Is$)

ES1tSz -> stulsturash
member

set ↑ (9,2,4)
· · ea/

923/43/4
Si Sacb.3x92;43x*9$i&3 esMXN

↳

=G(2),22,23) ·cabs,43SS.833$&$888
O &

=E 3
↓ Siss!

8 members.



Relation:set of pairs

e.g. Relation on33andsip
SI Sz

attroton
· Is a) a relation on S, and Sz? No!

993 not even a set!

53. Is m2)a relation on S, and S?

↑
0 +i- Is, elements should come firstin the ordered pair

-SES<P2 · ES 9D:(83 a relation on S, andSz?
X
-
· Minimum relation on S, and S2?&-emption!
& ~Maximum relation on S, and S2?SxS2



Given two sets 3 and I
- min relation:

setomay relation:Soin Sand T

is
a S

-relatioard 0

3each
member,i E

1s(x (T) - 1

relation. SX Trlatndof the



Lecture 6 - January 26

Math Review

Relations, Relational Operations



Announcement 

• Lab1 submission due in a week 
+ Help: scheduled office hours & TA
+ tutorial videos
+ problems to solve
+ Study along with the Math Review lecture notes.



-> setofpossibleactions or Sand +
·cs
- T

a single sandT vOSk>T
b8:

lation
on could

ve

S:91,3,33 ⑫Elic(,b)3
T =9aab3

StT

VESET

I could be:
(I O (S39(1,a)s(Isb)3
(2) SXT



Set of Possible Relations

• Set of possible relations on S and T: 
• Dedicated symbol for set of possible relations on S and T:
• Declare that set r is a relation on S and T:

Example: Enumerate all relations on {a, b} and {2, 4}.
Hint: How many?

cadin- ↓9a-b35- 93,43↑
4(92,b3x 92943)

P(9(3)> (94),(bzz),(b,4)3)
↓max relation on the two sets

=

6 relation ofsize 0*/ (4) =4.
->9(2,37s(a,4]<(b>2) , (b,43CSAR3, 910433,S33.SYS3a'ridofzel *siss is so3 =E3,4S(9.2): (9,4)s(b,3)s(b,4)3 AveRaPionVektionsofsixre



(2)
outof a given elements,
how many ways to make

①
a set ofcard

I terns

-Cabal n

*A(n-7)....Spolad"nt
2 SiCb] set of n-1+1-

1-
card.=-

-

-

2 -

-

() =ii.Oregaplicates



Departure :

toronto, montreal, rancouvers

Destination == beijing, soul, penang 3

airline -Departure - Destination

↳ task:enumerate!



Relational Operations: Domain, Range, Inverse

Exercise: Relate the domains and ranges of r and its inverse.

dom (r) =9asb>C,d,9 of 3

van (V) =9(s7,3,4,5ab3

........

v=G(1sG)s(2,b), (3,2),(4,a), (5,bis(6,C), (ed), (3,8), (353
iv) =1r)

↓ algebrais properties

(1) dom(r) =van(W) () van(v) =dom(rr)



Relational Operations: Image

Exercises
• Image of {a, b} on r?
• Image of {1, 2} on r?
• Image of {1, 2} on the inverse of r?
• Calculate r’s range via an image.
• Calculate r’s domain via an image.

*vES-T
rIs] assumption:seS

relates, visaib3]=9rKdarsfradega↓ =91,2,4,53

allclovirone
e.g. v[x]

=0
*undefined eg.r[<x,y3] =0

->[a,b,d,23

& ran (v) =v[domcrs]

v[91sa3]x undefined 3 dom(vs =v[dowses



IESKTsCS

domain range
Restriction 54 V rDS

Subtraction S*r v#S

another
relation ds Dr =9(d,v')/(d,v') vxdeds3

= -

domain
restriction



Relational Operations: Restrictions vs. Subtractions

CabDV =9(asK), (b,2) s(a,4),(b,5)3

UD51.23 = 9S9sKs(bsZ), (dsk), (8,273

///1

Easb#V =9 (Gy3>
a ((6), (dx(), (9,Zs(f,3)5

/X --

vA(z3 =9(93)s(934),(bc5)s(Cs6>, (fs3)3



V =(s4V)u(s*r)



Relational Operations: Overriding

Example: Calculate r overridden with {(a, 3), (c, 4)}
Hint: Decompose results to those in t’s domain and those not in t’s domain.

& - XXX

UB =9(d,v)/ (dev's < Ev(idev'sevade 3
a
relation dom(t)

①< 9(9,3),(94)3 =9 (d, v)/(dev'(9(a,2): [S4)3 3t IV (dav's < vxd*9a,B3
minsubtraction

=G(G33)s(834)s(bs2)s (bs5)>(ds(), (9,2]s(z3S3



Problems (don't look at the slides?

(1) Rewrite the relational image vIS]
in terms ofdom/ran andlow

restrictions/subtractions.

E. Rewrite the overriding VAt
in terms of dom/rand andlow

restrictions/subtractions andlow

setoperations.



Lecture 1b

Review on Math: Functions



Functional Property

isFunctional(r) ⇔ 

∀ s, t1, t2 • 
( s ∈ S ∧ t1 ∈ T ∧ t2 ∈ T ) 
⇒ 

( (s, t1) ∈ r ∧ (s, t2) ∈ r ⇒ t1 = t2 )

Q: Smallest relation satisfying the functional property.
Q: How to prove or disprove that a relation r is a function.
Q: Rewrite the functional property using contrapositive.

relation scast), (6.2), assis
-> ↳ a relationO

ESCT
->St)T nota function!

-

each domain
valuesmostche

maps



Lecture 7 - January 31

Math Review

Functions, Modelling



Announcement 

Lablr slutiontoday

Lab> -> nexMonday
WT |
-
-



Exercises: Algebraic Properties of Relational Operations

Define the image of set s on r in terms of other relational operations.

Define r overridden with set t in terms of other relational operations.

Hint: What range of value should be included?

Hint: To be in t’s domain or not to be in t’s domain?

anotherrelation dom(v) \ dom(t)
setarget vIsIranlsrdomainrestionone

↑ another relation

r<zat
-t U( dom(t) * V 3

)( 4r



Functional Property

isFunctional(r) ⇔ 

∀ s, t1, t2 • 
( s ∈ S ∧ t1 ∈ T ∧ t2 ∈ T ) 
⇒ 

( (s, t1) ∈ r ∧ (s, t2) ∈ r ⇒ t1 = t2 )

Q: Smallest relation satisfying the functional property.
Q: How to prove or disprove that a relation r is a function.
Q: Rewrite the functional property using contrapositive.

8.g.9(9,Ki(b,z)] "ggst),(bs2), assis
->

relation

O ↳ a relation
<S ET - (Sk>T nota function!
- ant!

ral

X
ant.2 each domainvaluesmostone fur

I
① a ve/but

#afun.

~ Prove v is a ful Disprove is a fun
(1) for each pair in Va (1) v is not empty t t2

satisfying antis satisfies ati => coesShow=0. then's (S.t1)tVx(Sst](r) but



isFunctional(r) ⇔ 

∀ s, t1, t2 • 
( s ∈ S ∧ t1 ∈ T ∧ t2 ∈ T ) 
⇒ 

( (s, t1) ∈ r ∧ (s, t2) ∈ r ⇒ t1 = t2 )

⑭G=zgz 7P

11 contra-positive

t + t2 => i((S,t1)tr x(Sat1) (r)

If t1 and +] are ↓

distint values, then /(11) Ar v (,t2)r
L

we cannot have a mapping toboth ofthem.



Partial Functions vs. Total Functions

e.g., { {(2, a), (1, b)}, {(2, a), (3, a), (1, b)} } ⊆ {1, 2, 3} ⇸ {a, b}

e.g., {(2, a), (3, a), (1, b)} ∈ {1, 2, 3} → {a, b}

e.g., {(2, a), (1, b)} ∉ {1, 2, 3} → {a, b}

e.g., {(2, a), (1, b), (3, a), (1, a)} ∉ {1, 2, 3} → {a, b}

r ∈ S ⇸ T ⇔ ( isFunctional(r) ∧ dom(r) ⊆ S )
r ∈ S → T ⇔ ( isFunctional(r) ∧ dom(r) = S )

Exercise: Visualize S ⇸ T vs. S → T

#

+->

partial
I fun,

W

total =

a relation:apari
en

v2:
Sc-T

Every function is a partial function. ↑seT S+T

I1. a relation 1: setofpairs which

↑
↑
On velatiaTest

e1. a partialfursnotroleserop) functional

& 00 a function butproperty
dom (v) CS

00 1.av2 1.
-> 2. a partial fun.

3. Yet a total

I = l # fun."

↳ 1.a vel. 2. nota fun. -on+515,33



Relational Image vs. Functional Application

A function is a relation.

f ∈ {1, 2, 3} ⇸ {a, b}
f = { (3, a), (1, b) }

Exercises:
f[{3}] = 
f[{1}] =
f[{2}] =

SkT

S S+T

f

↳ a reis a partial fun, -,
a relation fIS]

nota total fun.
2. a function

[a] f(z) =a
=

=963 fCKS =ndefinedI botom
= P -for a function that's partial butnottotal

(i.e. dom(f)CS, there's at least oneinputsingletonis value in 5 that maps
to nothing inf).



Modelling Decision: Relations vs. Functions

Is where_is ∈ Employee <-> Location appropriate?

Is where_is ∈ Employee → Location appropriate?

Is where_is ∈ Employee ⇸ Location appropriate?

X
->S(alan": <SB106): ("alan"s UC102)3

dom (where
- is) =Employee xnotrealistaand

employees company
↳ a relationsatisfyingthe funorre present"The time



Functions
ran down, ran
->
-

A
de

surj bijectiveeCtiV&

Partial 7+> /x 1.G.

Ital > > > > >



Lecture 8 - February 2

Math Review

Injection vs. Surjection vs. Bijection
Formulating Arrays
Lab1 Solution Highlights



Injective Functions
2 no witness to prove violation ofinj. prop.
1ftStT

↑gatalisstratocalpoetin
↓

to violate injective prop
Si t S2 ad-

3 Sia s both
map to t-iES'-533, -3.5n3?cpptria'jefan"se...

Tnj.

a total, notin two sets
wels partial fur, total full, t
v ↳ "(1sb) fx5(zib)f =>IEs violation



Surjective Functions assumed:
a
function.
f is

Xiatal
total,
SUV.

=
..

vels
part.Fun.

straa ->surj. nottotal

↳ totals notsur

partial => total ~ total subjectionsVtotal => partial => partial subjections.



⑰
X

a

A 91s2,33 ->Sanb5



Bijective Functions

->cannot be injective -> cannotbe bijesting

- --

↓

- -

⑨

↓ I
-

~ not total

notin
injs

total
not sur,
-

total



Exercise

partial

total

injection

surjection

bijection

1 2 3 4
1 2

3 4

<X(-)

vvvv

0 vv/ W

vvX X

vxvx
-

->
-- 2xxx

-> ⑦
->

↓

violating
inj properly



Formalizing Arrays as Functions

String[] names = {“alan”, “mark”, “tom”};

aclimatista
↓ 90dan"sa (1:"mark"),

& ·

2

1 names
->

"Gan'l "mark"1 "tom"
isanalouiseduplicates

names (1-> swigh 9C0. "alan"), (1s "mark"), (Is "tom")3
not appropriate

names - String
a+stringth.0..asinNo!

(e.g. COn"clavaCOcimmost or ne
Es e.g.5 (DD: jonathan's B"peter") 3&invalid indices.



Arrayf
atObject
↑

attObjectindices may be
too large.



An Event-B Specification of Bank CONTEXT C0

CONTEXT C0

SETS

ACCOUNT carrier set: abstract without the need to enumerate content of the set

PERSON carrier set: details of each member in PERSON are abstracted away (ENV9) - Solution to

Exercise 4 of Lab1

CONSTANTS

c credit limit (ENV3)

L pre-set upper bound (ENV3) - Solution to Exercise 3 of Lab1

AXIOMS

axm1: c 2 N1

not theorem means an axiom; theorem means a proof is needed. In this case, the typing constraint

should be an axiom.

thm1: htheoremi c > 0

axm2: L 2 N1

typing constraint of variable L - Solution to Exercise 3 of Lab1

END

01.02.2023 08:50 Page 2 of 4



An Event-B Specification of Bank MACHINE Bank0

MACHINE Bank0
// Initial model of the bank system

SEES C0

VARIABLES

b balance (ENV2)

d cash drawer (REQ7)

owner account owner (ENV9) - Solution to Exercise 4 of Lab1

INVARIANTS

inv1: b 2 ACCOUNT 7! Z
inv2: d 2 Z
inv3: 8a·a 2 dom(b)) b(a) � � c

(ENV3)

inv4: 8a·a 2 dom(b)) b(a)  L

(ENV3) - Solution to Exercise 3 of Lab1

inv5: owner 2 ACCOUNT 7! PERSON

(ENV9) - Solution to Exercise 4 of Lab1

inv6: dom(b) = dom(owner)

Consistent domains of the balance and owner functions (ENV9) - Solution to Exercise 4 of Lab1 (Note.

If we declared this invariant as a theorem, then it must be provable/derivable from other invariants

that are declared as axioms, which is not the case. Instead, we also declare this invariant as an axiom

(i.e., not as a theorem) so that proof obligations (POs) will be generated regarding it being established

(by INITIALIZATION) and preserved (by other events).)

inv7: d � 0

REQ8 - this was not assigned as a tak for your Lab1. But encoding REQ8 as an invariant shows the

value of a formal tool like Rodin: information requirements like E- and R-descriptions are likely to

cotain contradictions which are not easy to detect.

EVENTS

Initialisation

begin
act1: b := ?
act2:

d := 0

(REQ4)

act3: owner := ?
Empty bank (ENV9) - Solution to Exercise 4 of Lab1

end

Event withdraw hordinaryi b=
(REQ6) - Exercise 2 from Lab1: withdraw/inv3/INV cannot be proved.

any
a account to withdraw

v value to withdraw

where
type of a: a 2 ACCOUNT

typing constraint of event parameter a

type of v: v 2 N1

typing constraint of event parameter v

wd for b(a): a 2 dom(b)

inv 3: b(a)� v � � c

Solution to Exercise 2 of Lab1

then
act1: b(a) := b(a)� v

updates the balance of a

act2: d := d� v

updates the cash drawer

end

01.02.2023 08:50 Page 3 of 4

cannotrecen
e.g.whenitca
contradists
with<-



An Event-B Specification of Bank MACHINE Bank0

Event deposit hordinaryi b=
(REQ5) - Solution to Exercise 3 of Lab1

any
a

v
where

grd1: a 2 dom(b)

grd2: v 2 N1

grd3: b(a) + v  L

then
act1: b(a) := b(a) + v

act2: d := d+ v

end

Event open account hordinaryi b=
(REQ4) - Solution to Exercise 4 of Lab1

any
p

a
where

grd1: p 2 PERSON

grd2: a 2 ACCOUNT

grd3: a /2 dom(owner)
then

act1: b := b [ {a 7! 0}
Note. Might need the PP prover to discharge POs related to inv3/inv4

act2: owner := owner [ {a 7! p}
end

Event close account hordinaryi b=
(REQ10) - Solution to Exercise 4 of Lab1

any
a

where
grd1: a 2 dom(b)

grd2: b(a) = 0
then

act1: b := {a}C� b

act2: owner := {a}C� owner

end

Event transfer hordinaryi b=
(REQ11) - Solution to Exercise 4 of Lab1

any
a1

a2

v
where

grd1: a1 2 dom(b)

grd2: a2 2 dom(b)

grd3: a1 6= a2

grd4: b(a1)� v � � c

grd5: b(a2) + v  L

grd6: v 2 N1

Necessary to make POs related to inv3/inv4 discharged
then

act1: b := bC� {a1 7! b(a1)� v, a2 7! b(a2) + v}
Note. It’s not allowed to have two actions involving the same LHS variable: b(a1) := ... , b(a2)

:= ...
end

END

01.02.2023 08:50 Page 4 of 4

overriding

-
t

↓ Rewrite
b: =tv9alaz3b



Lecture 9 - February 7

Reactive System: Bridge Controller



Announcements

• Lab2 released
• WrittenTest1 coming



Lecture

Reactive System: Bridge Controller

Correct by Construction
State Space
Req. Doc.



Correct by Construction
RD:E1.EaRiwMpoEB bridge controller

↑
n =3

M.... Mz. m...... Mn

↓ ↓↓ my refines mi mostconcrete

modelofmassia
and

Whyis refined by my
(closestto
code)

outirrelevantisE-descriptions by adding:1. variables↳ R-descriptions 2. axioms / invariants

↳ more POs to discharge.



prove refines
who

prove refinesas

↑

sprovedeclaredthe provdeclared,the prove declaredthen we

Is it necessary to also prove who refines who?

↳ No. Refinement relations as transitive



State Space of a Model
Definition: The state space of a model is
the set of all possible valuations of its declared constants and variables, 
subject to declared constraints. 

Q1. Given some example configurations of this initial model’s state space.

(S2) State space allows:9(
=100, 1 =200,

an axiom
a theorem/invariant?

w >

accounts-a

ayu'verororiented bedin
↓(C1)
axioms:assume to be true (used to restrict the state space)↓
theorem
((z)

↓(CK
linvariant:need to be show to hold in all possible states shouldcontrabaland

(6 =100s =20akonitCalan's 150) a ("mark"s 19933 92-10002-200s
(ee

satisfies the axiom thatis no state can isolate this



Bridge Controller: 
Requirements Document

·

RERZ:
carsthese
two parts
should be limited!

4.
↳ also this RED,

->withoutthis, makes to
verification results distinction
wouldbe unrealistic, on island

->
encode this by

·

bridge.
counting # ofcars

entering or exiting ML.



Lecture

Reactive System: Bridge Controller

Initial Model: State and Events



Bridge Controller: Abstraction in the Initial Model
en

n Islanddg'scarsland100cars

103 cars
on the Island- Bridge

↳ compound

the notion
of abstracted
is

bridge away.



Bridge Controller: State Space of the Initial Model

Static Part of Model

Dynamic Part of Model

# of ↑nocMoaxial
①

inmaxcoverage inhereisland

↑d.

currenttidaledge on



Bridge Controller: State Transitions of the Initial Model

d = 2
n =

State Transition Diagram on an Example Configuration
d = 2
n initialized to 0

a song theML

↑
n

↓
a sarback to

ML.

<
actions
1
->

mssinggadstasquadoneenabled.



Lecture 10 - February 9

Reactive System: Bridge Controller



Announcements

• Lab2 released
• WrittenTest1 guide released

+ Verify EECS account on a WSC machine
+ Verify PPY account and Duo Mobile on eClass



e.g. Labl draw
action:decrementbalance

(I) by v.Invariants =1accounts <- ->account's balance
bclace is remains T-2
x-V2.Nx/0conditions thatmusthold thellthe time

1) Iestablished after initializing the system.
I

I

2, condopacitevechatigptisliend,
Si 2tio) assuming thatIis thee,enabled is
↓
1 guard ofe then 1is preserved after actions of a take
-
assume Iis

& effect.
2.



Bridge Controller: State Transitions of the Initial Model

d = 2
n =

State Transition Diagram on an Example Configuration
d = 2
n initialized to 0

d = 2
n =

d = 2
n =

d = 2
n =

d = 2
n =

d = 2
n =

d = 2
n =

sinitiz-i
occurrences

contex
n ↑ oferts ratesare

machin I O

-uned
=inite

- IN
- 1

<walme
enabled Is M2-out going to maintain Ialways?

itMort Aghtpart <initML_out,M2-outs
O I 2 3

-3EN-METontedeTrio↓Wh-outenabled ⑰I



Before-After Predicates of Event Actions

- Pre-State
- Post-State
- Sate Transition

ad
Toe-stating

↑
I becomes

afterMLE'Sefe
X
I actions

the Tost-statei value
post-stateofn
becomes

the

pre-statevalue of a plus 1.
I

e ceventthatand >
& -
↓ ↓ ->

yre-state 5state variablesaimed
I before-state 1 after-state

fer predicatethe-
e.g. ML.out u=3 -Amt beforeacharacterisingeffectofwest.n=2



X. Its temp.
event actions

~ E,v + 1)opiplyncigs
becomes

2. notvariable assignment!!
I
just:

annotsam xx +1art

beginnatatas =-1LHS

↑x=x +1 Cs, ltiple 11 154.*= =7- 1 times ! ⑰and

8x8 +y(



Lecture

Reactive System: Bridge Controller

Initial Model: Invariant Preservation



Design of Events: Invariant Preservation

& statepast

ntN

nt "-d.
VsICT StateSpace => Estate

-

-

2 I ↓ witness
ofviolation

77 state · State -StateSpasexLISState).



Sequents: Syntax and Semantics
Syntax

Semantics

Q. What does it mean when H is empty/absent?

Both H and G are

turnstile. sets
ofpredicates.

↓
itions

assymare goat
conclusion

AG

diestforREGSPE,UmingHoGshould be powe
g

IGEFassIGIG =Tre +G1- G 1 =Tme => G =G
G

=False => G =
True, x

notappropriate



PO/VC Rule of Invariant Preservation

BAP:
7
->i=n

+1

dEN
MEN ML

-
i1

2↓

⑤ w CTMS n =d
Tull

↓BAP.N= I

sound
and dtN

n- 1nt,Eed
to

ntN
n = d

NL_out
Tmen+1
t

->should be ENXn+1
n'Edprovable ①



Lecture 11 - February 14

Reactive System: Bridge Controller



Announcements

• Lab2 released
• WrittenTest1 guide released

+ Verify EECS account on a WSC machine
+ Verify PPY account and Duo Mobile on eClass

• Review Session at 7pm, Wednesday? (Zoom)

answer

- No RodinRodin syntax
->

-geter Rodin syntax

↓
med



PO/VC Rule of Invariant Preservation: Components

c: list of constants
A(c): list of axioms
v and v’: variables in pre- and post-state
I(c, v): list of invariants

G(c, v): guards of an event’s

E(c, v): effect of an event’s actions

v’ = E(c, v): BAP of an event’s actions 

D: eventparametas?

is defined
as ->pre-state value

most-state GKd>, <>) =Truece<d> WEI value.
1-n=

n+ 1
-

A(d)=(axm0-K I(d>,<5) = E((d>,(n)) effect
=<n+1)

-G(d)) =Tre

↓In indice, 1(d>(x) =(n -k
kd,(n))
=nt X

& -

-

-

Ivarables BAP ofM-o
e

constants
() =(n+ 17 -



PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m0?

all invarant

-
conditions

axioms

invariantin
&-> prt-state

* &guard ofsometrelt is
evaluated Twis
in pre-state

**r
O
↓ ↓
idsights invariantI

((orz) should be expre
*guard ofsome event -> # of events (2) usingintent.
*Asome invariant condition -> # of invariantconditions. (2)

Overall:2 x2 =448, 40:tendture ofPo
POz:ML_out/invO-2/INU
%03:D04: Exercise!



17
- w

--

- M
-

-- -

- effectof-
↑ sa want

- onlyoccurs
-

if event
v W is enabled
17
↓
effectof

de X deX ML_out

nex Hex

n =d ML_out/invO_1/INU n
=
d

Nut/invO-2/INU
-

Tu - Tre -

I I

=x Exercise:Formulate Po =d
n+1

Yo4
↳, d +1



Q. What does it mean when A is empty/absent?

Examples

Inference Rule: Syntax and Semantics
Syntax Semantics

Sequent Inference Jule

usedhere =Tre
AsThe

or

mustbe the FC
not.

consequent name

sequent
↳ a

single 1Ene
IRI consequentitselfisan axiom.

H21-GTo prove H1sH21-G,

H1cHz1G it's sufficientto prove (by dropping a hypothesis):
H1 1G



H =1- G A monotonicity.
Ma

-> To prove C, it's sufficient-

H1cHz1 GC to prove A

UEX1-n+1EN
Rz

de X ↑
nex nothing to prove

for

n =d the consequent.-norTu
I
n+1tX



Justifying Inference Rule: OR_L

Wr vr A
~ -

.. C

A =>C =Trs

=(P=R) x(r =R)) =>(PUa=> R) Ene.

I demo video).



Example Inference Rules
O

to
ther

terminatingm
E

notterminating(it=p)EH-Peni
D disjunction

-

m O
- P



Wednesday, February 15

Written Test 1 Review 



:
I (m) =im

/ u

(5)
14(1993)(af3)!
-... 9b, C, d3 x 90cf3

How manif
subsets

inand,(3) (5) =(5)
are of
card 2%
I (2) =

=1
25-2. (i) =(nm)



Kanband; f3)

[s(stP(3a, b, c,dif 3) "(s) =23

1993b3 9b,C3 9C,d] 9d,f3

96,93 [b,d3 [Cef]

92,d3 9b,t3

[anf3



O j /
fxR(x))
=

(Ex. Rix)xP)

de morgan:
7(4 xG) =7pvig

=l D

~ (x-10 -20)xx+y
=z(x+y),(0) v -(x+yc20)
=x+y<10v x +yx,20



[GsbsS,d3 49(2>2), (6,373 =9(2,3), (6,333

SDR =9(x,y)11,R"XES3
onlyconsider what's in in

I



X

i
- -

[Cy,1, (y,2)3



-

9(XcK, (X,3), (Y,1)3
~ ~ [1533

- -D \x3*(rx3))

!
[(y,13

-



Scw
S =41s2,33
T =[1,33
=41,2,33 es

w

subset * Is). TES SEU UIS

persubset X ~
siu vsSCT TCS

SCTE) SETxIS* ITI



9a,b5 [1:3,33

r=$T
~ satisfies functional property
↳
v is a partial function

StT
↳ onlythose partial functions

whose domain is s
are total⑭Talanab.Planet injective.



clarifif after reading week



Lecture 12 - February 28

Reactive System: Bridge Controller



Announcements

• Released: WrittenTest1, Lab2 solution
• To be released:
+ ProgTest1 Guide (by the end of Wednesday)
+ ProgTest1 practice questions (by Thursday class)



Recap of Previous Classes + Before-After Predicates
+ Example IRs

ML_out/inv0_1/INV

Reg. Doc.

ent

M.A=ne 32. To prove C

Ration pinfree sett
17

E



Discharging POs of original m0: Invariant Preservation

ML_out/inv0_1/INV

ML_out/inv0_2/INV

ML_in/inv0_1/INV

ML_in/inv0_2/INV

ART:basic avithmetic

many
-

MON HEN
-modern

itzlotheses In-1eN
?? -D -

ML_T.

2-his inco

- med
oR_R1 n=d

gade DECY (can't applydirectlys')-1dPE?desN
MON ned ARI

nex Mar n=d
n =d+ 1 =di?Outn-kd=d ta-kd Un-lid Idun-led

-Id vs. 1-1d



PO/VC Rule of Invariant Preservation: Revised M0

ML_in/inv0_1/INV ML_out/inv0_2/INV

=d
-
E
d
--

nEX
I- 1

whenT--

- - ⑰
MON HEN

a

-o In-les
??
->and

MON ned:in
-

-

->
1 - 17,0 +=d.??
x,1(r >0)



Discharging POs of revised m0: Invariant Preservation

ML_out/inv0_1/INV

ML_out/inv0_2/INV

ML_in/inv0_1/INV

ML_in/inv0_2/INV

is
--

-



Model
↳static:constants, axious

↳ dynamic: variables, invariants ve-generate
↓) model

R:Is therestor preservation getthe
(w.r.t. sequentsformulatingin⑰~ Tw. preservation

↳any unprovable sequentse



Lecture

Reactive System: Bridge Controller

Initial Model: Invariant Establishment



Analogy to Induction: 
Base Cases ≈ Establishing Invariants

Analogy to Induction:
Inductive Cases ≈ Preserving Invariants

Initializing the System

c = ?
v = ?

c = ?
v = ?

c = ?
v = ?

ML_out

ML_in

init

The Initialization Event

diffte... t

rightit. 4)
=4

e.g.noptaytaare

& nopre-state--init state>

-

Feltherthis outoccurrs,
none ofthe variables
-
-

have been initializedratablee ↳ RHS of ifshouldeferto variables.



PO of Invariant Establishment

K(c): effect of init’s actions

v’ = K(c): BAP of init’s actions

Components

Rule of Invariant Establishment Exercise: 
Generate Sequents from the INV rule.

compart with

Peffestofa non-mit

want:ECC,1)

9

--
axioms d =N deX

init init/
I ivO-1/ I invO-2/

I ⑪ex INV =d INV

O O



Discharging PO of Invariant Establishment

t

-

-
4 ~

whereinstantiated by
A

-



Lecture

Reactive System: Bridge Controller

Initial Model: Deadlock Freedom



want to prove:
system is deadlock - free:G(ML_out)

..........
REACTIVE SYSTEMS E(ML_in)
↳ deadlocks

dead
↳ praction to the userfear.

(Got) va-in))
↳
canoccur

usethat
↳ None of events' guards

some event is- is satisfied.!
enabled. =2G(ML_out) x 2G(L-in)



Lecture 13 - March 2

Reactive System: Bridge Controller



IRS

-model &coust. war.

axioms inV.

ert.

Crof obligations for
atentgaerate S

provableen
at is enabled.

( sequents) - investablishmentI
after i in preservation

regenerati giin :

notnecessarilyprovable.



PO Rule: Deadlock Freedom

Exercise: Generate Sequent from the DLF rule.

1.

e [

- axeranthadstate
en

crt-state I
I
I held

↳ disjunction of guards of all events'true (V) Ceb
ire-statepo I post-state

deX invest. X v

isdeein inv que. W e
DCF W X



Example Inference Rules appearsheleftt
D

-Hitpacedvery
ener apR => (E =E)

- Y
D

1 2 R L IssationaPP
from R,5

L L

R L R R



EE



Discharging PO of DLF: First Attempt

und
de Indunso

n<dv ARI
HEX

MON advnEd OR_LS
usd

o-RI Fodea
u=d ncdvn =d I-

indunco nadvuso E
=

I red Y Mar
IkdUn>

FRIRLOR-RIs
daduoke

>



Understanding the Failed Proof on DLF

Unprovable Sequent: ⊢ d > 0

W V

1 I

fix,axmot
- 1 maybe violated

↳ its negation maybe true
e (d <0) is allowed by the currentmodel

40d =o
&> deN(d>0)v after init:1 =0 OLD

↳1deadlock free:Ycv so]E



Discharging PO of DLF: Second Attempt

<d>0

<d>0

--
-

d>0
-

d>0
-

-

⑪-
do



Discharging PO of DLF: Second Attempt



Summary of the Initial Model: Provably Correct

Correctness Criteria:
+ Invariant Establishment 
+ Invariant Preservation
+ Deadlock Freedom

Static dynamic

- evasion
-

w C
unloc
freedom



Monday, March 6

Lab2 Solution Walkthrough



Lab2 Solution: Context Celebrity_c0

P = {Alan, Mark, Tom}
c = Tom
k = {(Alan, Mark), (Alan, Tom), (Mark, Tom)}

L

D

&
-

⑭=E (Mark, Alan) (Tom,Alan) (Tom,Mark

-mdotnigu 5159Tom3] =4Alan,Mark3:419TeN
P

L k-1

Britisegore, 8.

7

⑧

it
themselves - I

↑
ran(K)

the excel ---
~ (x,y)= I

known by domain
----whom ·-Dosk-,ere ↳ Iknows if site relations &-I-TYknown by x F know one



Lab2 Solution: Machine Celebrity_1
P = {Alan, Mark, Tom}
c = Tom
k = {(Alan, Mark), (Alan, Tom), (Mark, Tom)}

Ep May have to add

extra constraints (which maybe

logically redundants
17 to guide the prover.
=..R =4 R

:...*-

↓
celebritif
C: =X

I
remove- I remove.I

& R
knows

⑭ y.
know

no
one I

x doesnotannothecelebrityatages.



P = {Alan, Mark, Tom}
c = Tom
k = {(Alan, Mark), (Alan, Tom), (Mark, Tom)}
↓
init

m. to R -

Alan Limit, remove. I, remout-2,
Mark

M Tom
- remort ↓ celebrity-

- R w
one possible trace of

- Alan algorithm
I

m A

·remoreTomMakeabete Another traff:

& &v
2 mnit, remove. I,

D Tom-> the state remove-2,
Tom where guards ofremove_?celebritycelebrity are disabled.

C: =Tor



Lecture 14 - March 7

Reactive System: Bridge Controller



Announcements

• Slides updated to include First Refinement
• Released: Lab2 solution video, PracticeTest1 solution
• To be completed by the final exam:
 Makeup lectures for WT1, WT2, ProgTest1, ProgTest2 



Lecture

Reactive System: Bridge Controller

First Refinement: State and Events



Bridge Controller: Abstraction in the 1st Refinement
m0:
initial, most abstract 

m1: 
second, more concrete 

~ wo

I new
events

the initialactionbeiges
↑ - mi

conents
- Both mo and all model

cavatesom the same system.
~

sel more -> I old events

Inthee
1strefinement - m, refines no by addingmore state wars. I

&ents.



constants:

-> variablesstrast
state

mo events,
->events:abstract

X old events

refines

-> variables,constants
in

N2
state

relativeFent- I events s
I eventsconcrete events

stat refines
new

M2



Bridge Controller: State Space of the 1st Refinement

Dynamic Part of Model

Exercises
inv1_4: linking abstract & concrete states
inv1_5: bridge is one-way

Static Part of Model

What'swrong if I is constrained by invl-1
to invl-4

# cars on BR,

alywit:e #CarIL heading toIG
state in the

2

or w

4
I BR ML

#cars onBRalt-5?mawalogram
Ie
I IL 10

↓
v abs. state heading to ML

C=0 N Gebsh



Bridge Controller: Guards of “old” Events 1st Refinement

ML_out: A car exits mainland 
(getting on the bridge).

ML_in: A car enters mainland 
(getting off the bridge).

ML_at
↳

1
action

->
ML_id Gid**BAP:a=a+1

&(a+1 +b +c"gards &From Mo: D
"b

=b

-> (a+1)+b =d n'x =d "g=CE

I &From mi: i

a+b =d- 1 a
bd BAP:C=C-1xa=ax b=b

↑->>
R. Necessary to addaIy.*y e guard "=0"*-

No.:(0x (a=0r(=0)



States, Invariants, Events: Abstract vs. Concrete
Abstract m0

Concrete m1

->
old, abstract events

-abridgeagedre
modify
abstract olds refined events
state

-
↳

linkinginvolves

- ↑ boaiifyconcrete x I

invariansavingsofiar) concrete state



Lecture 15 - March 14

Reactive System: Bridge Controller



Announcements

• ProgTest1 result to be released by Friday
• Lab2 to be released by the end of Thursday
• To be completed by the final exam:
 Makeup lectures for WT1, WT2, ProgTest1, ProgTest2 

x3

~

--

~



Before-After Predicates of Event Actions: 1st Refinement

- Pre-State
- Post-State
- Sate Transition

concrete
events
I

-concrete
actions

b. C absent

17-
↳ stay unchanged

&
-



d = 2
a, b, c initialized to 0

Abstract m0

Concrete m1

Bridge Controller: Abstract vs. Concrete State Transitions

d = 2
n initialized to 0

Scenario
- car leaving ML
- car entering ML

d = 2
a = 
b = 
c = 

d = 2
n =

d = 2
a = 
b = 
c = 

d = 2
n =

Consider an exes:<init, ML_out,1)

abst.
- init

O
s&~ -

1 - ML_out
- X

Atababstgrandget
a

re
?? invl-4 ·

a+b+
) =0 a+b

+1 = 1

=N =M:i : infutcor

- init !
ML_out

We
S A

-> = - ⑧ ->itratedatconcrete.



v and v’: abstract variables in pre-/post-states
w and w’: concrete variables in pre-/post-states

I(c, v): list of abstract invariants
J(c, v, w): list of concrete invariants

G(c, v): an abstract event’s guards
H(c, w): a concrete event’s guards

E(c, v): an abstract event’s effect
F(c, w): a concrete event’s effect

PO Rule of Invariant Preservation in Refinement: Components

Abstract m0 Concrete m1
W: <G>bsC>

-Yen - W': caub'sC'

O
W ....

1- --

-

E

M effect 17 *1
Eabs. inv G(d>, <n>) of ML_out: conffest

i ad
Fan. Fr. dabo

-

M I
- en

17
- e -

- ==I

E(<d>, <nc) of ML-out:<n+K
F(cd>, <arb,K) of ML-out: <a+1 b

------
-



Lecture

Reactive System: Bridge Controller

First Refinement: Guard Strengthening



P(x) =9x14(x)3

⑭4=f q(x) =9x(q(x)3

sets ofsatisfying values
↳"P is stronger than G"

-f(x) p(x)?↳ " is weaker than

p"*p(x) =g(x)
*

P(x) =x= P(x) 9x, 5G(x?-

G(x)
=x >,0 1,4, 0

Bnon-overlapping.
#x=g(x) v er a

pred is, P(x) q(x)
- stronger

the strongvalues
out

weaker.

the morefilters



&iG =>TH
What's notallowed in

the abstransition is

also notallowed for son.

AI↑t transition. (In the con, models

↳Inew behavior isA. 1. When a refinement atgreated,
A- guards of each event

& If a cons transition. can onlybe strengthened/
is enabled (A),

Mi

stronger
then its abs counterpartwais also enabled (A),



PO/VC Rule of Guard Strengthening: Sequents
Abstract m0

Concrete m1

Q. How many PO/VC rules for model m1?

-> axioms

->

-

abs, invariants

1 &. -> con. Invariants
concrete

1 - - guard
&..
-> abstract

Exerciseformulatedofindex ofthe guard
guard. ML_out/GRY

I
# ML-T/RRandeI I nd

-> 2 (# abs. GEN a+b+1
=1 /

guards) b=XG =0v1=0 guardsofI#*atbed for y-out



Discharging POs of m1: Guard Strengthening in Refinement

ML_out/GRD

afioms

abst

a +b c d
I MON 1 =0

fa
a+b+c=

njec)bennorthE..

I

n<d

sar.Gr
of(L-out *abs.Gr.
ofML_out



Discharging POs of m1: Guard Strengthening in Refinement

ML_in/GRD

canin
get,iti



Lecture 16 - March 16

Reactive System: Bridge Controller



Announcements

• ProgTest1 result to be released by the end of Friday
• Lab3 released
• Example Questions for Written Test 2 released
• To be completed by the final exam:
 Makeup lectures for WT1, WT2, ProgTest1, ProgTest2 

->review
session.



Lecture

Reactive System: Bridge Controller

First Refinement: Invariant Preservation
Concrete, Refined Events



PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m1?

Abstract m0

Concrete m1

"old"events, existing in
both mo and Mr. *A

G =0a
-> axioms

-> abstractin." Ov
-

- -
-> concrete inv (- 1 =0

I Enth & concrete gard.
T

⑳est of**=x(a+1 +b +)=(n+1 1.. 5 in the abs. State & in con. ~S --- state

ML_out/invlI4/INU ML_in/invI-5/INU

I deN aXmO-I deN axmO-I

it -> BAP:
d>0 axMO-2 d>0 axMO-2

I MENinvO-1 MENinvO-1
n =d invO-2 n =d ivO-2

at X at X0 . be/ be/
E CEN CEN
- 5=b a+b+1 =x a+b+1 =x

C a=0v(=0W x10(2*) =b ML_out a=0vc=0 grdof
a+bcd I gas 250 1 MLin

12
=0 I AA W



Visualizing Invariant Preservation in Refinement
Each concrete state transition (from w to w’) 
should be simulated by 
an abstract state transition (from v to v’)

commuting diagram.
effectof

-> concrete

WEICC, wh
transtr,

cording parables
corres /ansitionin the abstrateout

-
A
the staff

19.9. in wol M

post-state 13 transition.agranteethe &Ieffectof
abstract1 ofvariables

Erg: - same linking
inve

E - holds atthe

station atstate concretodel (e.g.,Ming
post-state

transition
in
the i

m1)



Discharging POs of m1: Invariant Preservation in Refinement

ML_out/inv1_4/INV



Discharging POs of m1: Invariant Preservation in Refinement

ML_in/inv1_5/INV



Lecture 17 - March 21

Reactive System: Bridge Controller



Announcements

• Lab3 released
• Review Q&A Session 7pm on Wednesday, March 22

v

-

Zm



Lecture

Reactive System: Bridge Controller

First Refinement: Inv. Establishment



K(c): effect of abstract init

L(c): effect of concrete init

Components

Rule of Invariant Establishment Exercise: 
Generate Sequents from the INV rule.

PO of Invariant Establishment in Refinement

Q. How many PO/VC rules for model m1?

&
a=0

"=qc=0

&
JC, V, w) x:nopeThe initN/INV *a'+b'+ =1

We N when system deN 0 +0+0=0

1 & d > 0 Exercise:

abs, init. Son init.steps. 0+0+0 =0 Tt5/INV:
↓5(init, 5inv.)

I+prove



Discharging PO of Invariant Establishment in Refinement
#

simplication



Events
Eastevents

but1in
refinessimulated by: events

Concrete
old eventIl mty-gdengthening
ML-in

Tue.

Itina
Is-out* est.

3, divergencenew events
14) variantof

model
↳ 11guards, actions

12) ILin is simulated by
which abstract art.?



Lecture

Reactive System: Bridge Controller

First Refinement: Invariant Preservation
New Events



Bridge Controller: Guarded Actions of “new” Events in 1st Refinement

IL_in: A car enters island 
(getting off the bridge).

IL_out: A car exits island 
(getting on the bridge).

0
I

->tonotnecessary
->
t

invl-5
O 0.

Gadeginad,-> Pa==al D
b =

=b+1 checks it-

&a+b
=

(G-1)+(b+1)
= a +b

b >0

-- a =0 a+b+l
-

D ->b: =b- 1 =a+(b
+)

->C= =1+1
-at"s



Before-After Predicates of Event Actions: 1st Refinement

- Pre-State
- Post-State
- Sate Transition

Concrete State Space

&
&

is a +=
G+b+
.

1
=

"= 41p.E



1 A So
o

00

* A
00

-> ->

Erass:Ican travelling
<init, ML_outs IC-in, IL-out, M2-in>

Exercise I cars travelling



Visualizing Invariant Preservation in Refinement
Each new state transition (from w to w’) 
should be simulated by 
an abstract dummy state transition (from v to v’)

d = 2
n =

d = 2
a = 
b = 
c = 

d = 2
a = 
b = 
c = 

d = 2
n =

d = 2
a = 
b = 
c = 

d = 2
n =

D
(n) =n)

init ML_out skip

pre-state skip post-state
X X

-1-
5I (new events) & iv)-5

-
0

i
> ② >

1

- TuvI-4:int1-4:simulatedinaa+b+h a+b+c
IC-in " n =(a-1 +(6

+Y
+C

- 5 invl-4:2+b +C =A). -afte
init ⑧

aL_out ⑰
Il_m ⑳- I

⑧ 0



PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m1?

Abstract m0

Concrete m1

IL_in/INV1_4/INV

IL_in/INV1_5/INV

&
- -

deX
dsO
NEX

W -

n=d ?
GENI bENN 1- (-1) +(b+1) +c=4
(EX
a+b+ =x N
a=0Vc=0

a > 0
?a+b+1=

I

- 11
(a-1)+(b +

1))
+3 =

Exercise:formulate& skip event

prove).



Discharging POs of m1: Invariant Preservation in Refinement

IL_in/inv1_4/INV



Discharging POs of m1: Invariant Preservation in Refinement

ML_in/inv1_5/INV



Lecture

Reactive System: Bridge Controller

First Refinement: Convergence
New Events



Livelock Caused by New Events Diverging

An alternative m1 (for demonstration)
while(true)
waiting
->fred:v certits

(1) sefett,ng c=0)aut
a
=0
v

(e.g. invariants
Es linkingisa

STUCL invariants (9.9-
MAbstract Transitions:Linit, ML-out, skips skips skip, but ↳ Exerciseskips--are lettsConcrete transitions:(init, MLLout, IL-il, I2-outs incomp POs related to INU

It-in,Il-out,thenationsthe i preservation can be-..) discharged. How?



Wednesday, March 22

Written Test 2 Review 



Invariant Preservation

concrete events

↓
old (ML_out, ML-mn)) 10 slide 59

new (IL-in, It-outs 10 slide')



HsPHRHaRtR
-

11?A
MON, OR-L, --

APatR

i - Er....,XVI as
y -11?



slide 58: ED-LRwetbranchs
1. no notion of pre-state ofinit

init
> 2init always enabled

N
(I1 ARI 8 D

~ (>0

release progest) ang



Lecture 18 - March 28

Reactive System: Bridge Controller



Announcements

• Bonus Opportunity - Course Evaluation
• ProgTest1: Andy (eMail, Zoom); Jackie (Office Hour)
• Lab3 Part 2 released
• ProgTest2
• Final Exam: Review Q&A Sessions

60%
-> format identical to labsareextIn

proofs
The: IPMarid

Thur:2:30y



Exam
Sunday, spamtennis centre).

↳ 5 hours]
↳ papper (no Rodin, but you may be

asked to read or write in

Rodin syntax
↳ a piece of data sheetallowed

↳ Ione side

2. Computer-typed (font > 10pt)



Livelock Caused by New Events Diverging

An alternative m1 (for demonstration)

-
I

->gerantsnewgradesways enabled
->
fie

Abstract Transitions:Linit, skip, skips skips skips---AL
3
I

occur

Concretetransitions,itsatoutanoftoldagentsallowthe



Boolean should
invariant:Vexpthat"always hold Imsleh

event

Integer. occuments.
variant:rexp, that may change after

eventoccurrence.
lear) N)

(Boo / Paiant"invariant

trit
⑨ e ③ ⑤

8

false init iLout M2-in- ·littleoutlet



R. Is an infinite interleaving of old events back

Cnaets<init, M2-Out, M-outs..- >

↓abstract, inits ML-outs ML-outs..- >



Use of a Variant to Measure New Events Converging

Variants for New Events: 2 · a + b variant: 2 · a + b

occurrences of 
concrete events

<init, ML_out, ML_out, IL_in, IL_in, IL_out, IL_out, ML_in, ML_in >

a = 
b =
c =
v =

a = 
b =
c =
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

fixed

-- -
D i)-(M

- I -
-

an occurrence

old eventsof new
event!

+- - .- I -> neweventsi
-
B ·2. ·D

·O ·O O. C ·2 -
· D ·O ① olderect

e

& ⑧ 0 D D ·2 I 0

0 2 4 ↳ 2
I

I 0 0I



PO of Convergence/Non-Divergence/Livelock Freedom

Variant Stays Non-Negative

A New Event Occurrence Decreases Variant

variant: V(c, w)

occurrences of 
new events

IL_in/NAT

IL_in/VAR

Variants for New Events: 2 · a + b
-

aXioMS - How many NAT POs to generate?-

- abs. Two # Concrete (old +new) tvelts

t deN
d >0
nex 1- 2.G+b UCS,w>

-O n =d EN ·. VCCW'GEN CEN G=0 v=0
beNG+b+1 =1 a> 0

V0

-
0 a new event

deN
d> 0

cost-state ive-state nex 1-
*2.(a - 1) +(b+1)< 2.a +b~ I

~ .. n =d
GEN CEN G=0 v=0&
bexa+bis-n aso2+< 2.a +b



Example Inference Rules SY To prove S1,
justify: sufficientto

prove S2.-H =PVRHxp =R

-

-

A 1P 1
A1- PUR

- D
a litre*rtpa).

14
0
-

fargreatei



Lecture 19 - March 30

Reactive System: Bridge Controller



Announcements

• ProgTest1: Andy (eMail, Zoom); Jackie (Office Hour)
• Lab3 due soon
• ProgTest2

-iso-bihe-Sisopa
↓

guide



Lecture

Reactive System: Bridge Controller

First Refinement: 
Relative Deadlock Freedom



Example Inference Rules
justify:
-H =PVRHxp =R

-

-

A 1P 0R-11

A1- PUR

litarta).



Idea of Relative Deadlock Freedom

DLF provable DLF unprovable

Mo: DCE
my:relative DLF- we

Guard Strengthening
abs. I. -at PRINCIPLEScgate ->iftstrat 1.DL is bad!If

then that- 2. a refinement↓
IS

should not introduce
O- circumstance formode

not relative
counterabled.

a bad scenario.

↳ disjunction ofguards ofalto dead Canacceptable if
there's a staff

where the con, modelcon, events. IL but

reducede 1. Statewhereasa
abs.
the

model
ca Me does& stats

wher not)
....... will DL.

a state where abodeswill



PO of Relative Deadlock Freedom

Concrete m1

Abstract m0

1 1
1

&

01741 deN

1 d >0 &(a+bcdx(=0)UEX
n=d
a=N ndvnxob

& (*1] bex Yo[EX
a+b+c =x ④6>0x9=0,a=0v (=0



Discharging POs of m1: Relative Deadlock Freedom

Part 1



Discharging POs of m1: Relative Deadlock Freedom

Part 2



Initial Model and 1st Refinement: Provably Correct

Correctness Criteria:
+ Guard Strengthening
+ Invariant Establishment 
+ Invariant Preservation
+ Convergence
+ Relative Deadlock Freedom

Concrete m1

Abstract m0

measure - ->-NAT
L

interlearing WAR
Inew

events
-

0



Lecture

Reactive System: Bridge Controller

2nd Refinement: State and Events



Bridge Controller: Abstraction in the 2nd Refinement

m1:
more concrete than m0, more abstract than m2

m2:
more concrete 
than m1

a

c

b

m0:
more abstract than m1

etsons
assum

be

houttiredflightwitwould
me morecliS
much some 19.9. camera) ↳ E-descriptions 1. invest. & preservation

-:strengthenFerge
·bigvibe mainland traffic light

wark
Col. superposition.Chineed

z.
new Pariables island



Bridge Controller: State Space of the 2nd Refinement

Dynamic Part of Model

Exercises
inv2_3: being allowed to exit ML means limited cars & no crash
inv2_4: being allowed to exit IL means some car in IL & no crash

Static Part of Model

[2,23:423

not: d?
whi+bommoge~ 1.

me-th =g

d

invariant
(a=

=a+1)

typing & & 8

L
2. IfI

me_t:geen-dx
M2

il- +l =gre=
=0

b>0x
a =0

gECoLoRx vE COLOR
-

-



Bridge Controller: Guards of “old” Events 2nd Refinement

ML_out: A car exits mainland 
(getting onto the bridge).

IL_out: A car exits island 
(getting onto the bridge).

↑

-> ML-TL
- ML-out
<

abstract guard"from ml:

↓ &metl =C =0 xG+bcd

for driver ↓

to follow greenguardforeven -> IUL_I



Lecture 20 - April 4

Reactive System: Bridge Controller



Announcements

• ProgTest1: Andy (eMail, Zoom); Jackie (Office Hour)
• Lab4 released
• ProgTest2
• Exam guide to be released
• Final makeup lecture to be released



Bridge Controller: Guards of “old” Events 2nd Refinement

ML_out: A car exits mainland 
(getting onto the bridge).

IL_out: A car exits island 
(getting onto the bridge).

↑

- M2-TL
- ML-out
<

I
IL-out abstract guard- "from ml:
⑧ ↓ &metl =C =0 xG+bcd

for driver ↓

to follow greenguardforeven -> IUL_I

->abstractguardil-th fou m):

gra a =0xb >0



m
1strefinementlight M2, 2nd refinement)

or
gard: New Event:

"Atbod -....,MiteintheseC =0

me-t1: greas



Bridge Controller: Guards of “new” Events 2nd Refinement

ML_tl_green: 
turn the traffic light ml_tl to green

IL_tl_green: 
turn the traffic light il_tl to green

M2-out
L can happen me-+2

& & ⑧ as
as soonturned

B grea ->
mb-+ =red

- ->

lad
straftgardsthe

->
il-+l =red

->I
abstractguard of
Il-out in als



-> acutehereare↳ML-+l-grea
enabled.

IL_in ⑧ M:out
↳ --

⑮
It-t, ⑯

⑫-th-ge
->

ML_i

How can the order of events be enforced?

A. By the design ofevent guards.



Lecture

Reactive System: Bridge Controller

2nd Refinement: Invariant Preservation



PO/VC Rule of Invariant Preservation: Sequents
Abstract m1

Concrete m2
ML_out/inv2_4/INV

Exercise: Specify IL_out/inv2_3/INV

-

*Itgreat -ore
il-+l

abs. Tv.
from m,

IBAP: cor. Infac
Mz

* a=G+1

"
=bx =(xml

-

+2= A

me-+2
xil-tl=il-+l



Example Inference Rules
Modus Powers

0. P x(p
=G) =G.

E AxP=R ShuntingO O &
I H =(p=g)PxG =v =4 =(q =r)

-R-P Contra- positive
X

X O
- P =G =7g =2PI

up =0



Discharging POs of m2: Invariant Preservation First Attempt

ML_out/inv2_4/INV

Outstanding/Unprovable Seq
green
Ired

me- tl = green
il-+l =geal
I-

1 =0

*

- * A



Discharging POs of m2: Invariant Preservation First Attempt

IL_out/inv2_3/INV



Understanding the Failed Proof on INV

Unprovable Sequent: 
green ≠ red 

∧ il_tl = green 
∧ ml_tl = green 
⊢ 

1 = 0

IL_out/inv2_3/INV ML_out/inv2_4/INV

ise
*

contradiction

- & ⑪

Iso=Gegen
-> IL-out i⑤

③
-



Lecture

Reactive System: Bridge Controller

2nd Refinement: Fixing the Model
Adding an Invariant



Abstract m1

Concrete m2

Exercise: Specify IL_out/inv2_3/INV

Fixing m2: Adding an Invariant

ML_out/inv2_4/INV



Discharging POs of m2: Invariant Preservation Second Attempt

ML_out/inv2_4/INV

green ≠ red
ml_tl = green
ml_tl = red ∨ il_tl = red
il_tl = green
⊢ 
1 = 0

Approach 1:NOT_L

laredgreatder ERe great -red
-> Approach 2:

OR.L
&

MON il-+b:gree
jt=green 11

=0

- E
Exercise

-

ARI

usedtobettereintro

↓
invI-5



Discharging POs of m2: Invariant Preservation
IL_out/inv2_3/INV

green ≠ red
il_tl = green
ml_tl = red ∨ il_tl = red
ml_tl = green
⊢ 
1 = 0

Second Attempt



Lecture

Reactive System: Bridge Controller

2nd Refinement: Fixing the Model
Adding Actions



Exercise: Specify IL_tl_green/inv2_5/INV

Fixing m2: Adding Actions
ML_tl_green/inv2_5/INV
-

°

Concrete
grids metered{atbad Exercise : Proof

( =D
meet :-& 1-
Fell'=vxa'=aab'=bxc:c *

green -_ red ✓ red
-

- red
=

* ml.FI/--redv-il-rtl'--red



Lecture

Reactive System: Bridge Controller

2nd Refinement: Fixing the Model
Splitting Events



Exercise: Specify IL_out/inv2_4/INV

Invariant Preservation: ML_out/inv2_3/INV

ML_out/inv2_3/INV

↳ vk.at/-nv2-4 discussed earlier

p
IL
-

Outta23
discussed earlier



Discharging POs of m2: Invariant Preservation First Attempt

ML_out/inv2_3/INV→ Exercise
I1-0UH
Tnk-41
INV

4.
expected to
see :

a similar
unprovablesequent

✓



Understanding the Failed Proof on INV

Unprovable Sequent from ML_out/inv2_3/INV
a + b < d

∧ c = 0
∧ ml_tl = green 
⊢ 

(a + 1) + b < d

atbad
•

<
it
.

L
-out

1=0

✗< if e.g. ✗=3
1=4⇒ ✗+KG

IN2-3 is preserved
> FEEL!ed that "false ⇒-✓1-

✓ (at)tb=d

(atDtb =D
t

no more ill-out allowed⇒ ml.tl := red



Fixing m2: Splitting Events
ml : Hl-out I1-0YFretief '

-

M2 : Hunt
- l HL-out-2 It-out-1 IL-out-2

☒ +
btd

v Il-out-2 b-1=0
* •
<
N1-0UE-1 old , >

. . . apart . .

<
what-2 brats II. out-1

>

•✗•
✗+ 1)+b=d b- 11=0

.
.

→
.

→

= b-1=6 = b-1=0

61^8 # of squats for INV:
Y HL

-
out split
It- out spkt 8 ✗ 5=40



Lecture

Reactive System: Bridge Controller

2nd Refinement: Livelock/Divergence



Current m2 May Livelock
*
I °

**
← Ilan •X•*←HL-onEI

IL-at-16- >
> •✗*

☐
HL-H✓

I
Expected trace : nodiuegofnx.ua

from

i-ni-sik.tl-great, Hi-out-111--11,I
answered 1%1+4

> also a valid trace of M2, but leading to tweak, T.SN#ttIL-tl-greasIl-oa-ts1Hl--iiserabkd?-IsIL-tl-g.
enabled?

: v

. fattend- divergent



Fixing m2: Regulating Traffic Light Changes

< init, 
  ML_tl_green, 
  ML_out_1,
  ML_out_2, 
  IL_in, 
  IL_in,
  IL_tl_green, 
  IL_out_1, 
  IL_out_2, 
  ML_in,
ML_in 

>

d = 2 ml_pass il_pass
1 1

Divergence Trace: <init, ML_tl_green, ML_out_1, IL_in, IL_tl_green, ML_tl_green, IL_tl_green, …>

To break the divergence patternsafter each newer
occurring> some old events occur.

> 'iml-tla.tl
-
tl

✓ both

7
^

☐ ,

red=

7-gift enables
✓
,

I 1

µÑ . I I

grew
"

, enable ✓ I I

¥:&
"" I 0

I 7-

ya
did disable >

I I
L

µ
find¥1k since µ

I 7-

yeah
. well owned 1 I

not" turned greets
eHff

'

ge%E¥xedtk4ne¥xedIl



Fixing m2: Measuring Traffic Light Changes

< init, 
  ML_tl_green, 
  ML_out_1,
  ML_out_2, 
  IL_in, 
  IL_in,
  IL_tl_green, 
  IL_out_1, 
  IL_out_2, 
  ML_in,
ML_in 

>

d = 2 ml_pass il_pass
1 1
0 1
1 1
1 1
1 1
1 1

01
1 1
1 1
1 1
1 1 occurrences of 

new events

variant: V(c, w)
+

- 2

- old 2
pupils z

•• •
'

•
'

•

'

• • • • •

-

•
2 ML-out-III.at- l

M '
•

• 2

✓
Occurrences• old 2

of
newsreels

- events 2

• 2



PO of Convergence/Non-Divergence/Livelock Freedom

A New Event Occurrence Decreases Variant

ML_tl_green/VAR

Variants: ml_pass + il_pass

*mÉ+Épis→
"

• End
-pass -1-1-pass

p%¥¥i¥%¥Ei"a¥*
to

ref ]"
T.nlevents

t.BY?j.pasi--0
IÉpass any:D>

of
]

* HultgrenF.



Lecture

Reactive System: Bridge Controller

2nd Refinement: 
Relative Deadlock Freedom



PO of Relative Deadlock Freedom
Abstract m1

Concrete m2

I



Discharging POs of m2: Relative Deadlock Freedom

Ex?

Ex-2 EX3



1st Refinement and 2nd Refinement: Provably Correct

Correctness Criteria:
+ Guard Strengthening
+ Invariant Establishment 
+ Invariant Preservation
+ Convergence
+ Relative Deadlock FreedomAbstract m1

Concrete m2

superposition

I
diergwf.edu



Lecture

Distributed System: File Transfer Protocol

Initial Model: State and Events



Synchronous Transmission
Static Part of Model

Dynamic Part of Model

FTP: Abstraction and State Space in the Initial Model

eg . A-3 f- c- 1
. .#→ D-du.dz.dz, . - f- {did)sdid)

,

carriersets : membership abstracted away kids)}
✓

total functiondata -item

1
→t.ksfrder-maxsitff.de

transmission
E.g. A=3,

process
> ✓ GE1 . .¥1 > D=

d£¥¥d ✓ paiidfuncttondt.dz
,away ds

whether ¥* } conditional G-{ (1st)invariants 13M¥}hasbeenpmpktedvb-FAISE-g-oub-tp.it⇒ g. ftp.etransm-ss
"



init: 
sender’s file ready for transmission

final: 
sender’s file transmitted to receiver

FTP: Events of Initial Model

potestate
* enable

"
> of :-&

"Joi b FALSE

✓

→
b-- FALSE

post
!stat
of before

"

→ G :=ffinal transmission
got ,µbeb^Pk"

d '
b TRUE

* must%¥beheaded



PO of Invariant Establishment

K(c): effect of init’s actions

v’ = K(c): BAP of init’s actions

Components

Rule of Invariant Establishment

Exercise: Generate Sequents from the INV rule.

init/inv0_1a/INV

init/inv0_2/INV

n >0

f- C- 1 . .n→D
BOOLEAN __ { TRUE > FALSE }
1-

- ✓
%. g) c- 1 . .nl > D

0

¥¥g'= AB11-8DE
n >0

f- C- 1 . .n→D
BOOLEAN __ { TRUE > FALSE }
1-
b'=FHSE⇒g'=
FALSE 0



Discharging PO of Invariant Establishment
n>0

ARI FEI . .
it→☐

BOOLEAN ={TRUE, FANE}
TRUE

-
R

O
- t

T THE
$ is always a partial function
whose domain & range are

HON 1-

FA5E Fast⇒0=0
ARI t_ TRUE

-R

→ FALSE = FADE IT

② 0=0 IT
③ 1- ⇒ T =_ T



Exercise: 
Generate Sequents from the INV rule.

Rule of Invariant 
Preservation

final/inv0_1a/INV final/inv0_2/INV

PO of Invariant Preservation

-

.

BAP:I
✓ £-111b'=Ff#I

✓
E- TRUE ⇒off

no
*

¥-1 . -1-1>17 NO FALSE
FE1 . .n→D FE1 . .n→D f-
BOOLEAN -_ {TRUE> FALSE} BOOLEAN -_ {TRUE> FALSE}

GE1 . .n→D GE1 ..it#DbEBo0LEANbe BOOLEAN
b-- FALSE -59=0 b=FAHE⇒g=&
b=TRUE⇒g=f b=TRUE⇒g=f
b-- FALSE b TA4E

1-
*

1-
**



Discharging POs of m0: Invariant Preservation

final/inv0_1a/INV

final/inv0_2/INV

final/inv0_1b/INV

final/inv0_3/INV

D.a total fun .
is a special case
of partial the

✓

Now fc-I.in→☐
ARI

t

f-C- 1 . . it→D

②But a partialfun
is ¥1 necessarily a

total fun .

① TRUE=FALSE
= 1-

MON Farting ⇒ f-=p②1-⇒P=" T
ARI

1-
-1

TRUE
-R



Summary of the Initial Model: Provably Correct

Correctness Criteria:
+ Invariant Establishment 
+ Invariant Preservation
+ Deadlock Freedom



Lecture

Distributed System: File Transfer Protocol

1st Refinement: State, Events, Proofs



FTP: Abstraction in the 1st Refinement
m0: most abstract

m1: more concrete than m0 ftp.%fEnwn.us2. gradual
7

syndrome
" & =n-11

instantaneous



FTP: State Space of the 1st Refinement

Exercises
inv1_2: elements up to index r - 1 have been transmitted
inv1_3: transmission completed means no more elements to be transmitted
thm1_1: transmission completed means receiver has a copy of sender’s file

Static Part of Model

Dynamic Part of Model

r value indicates :

> {(↳a) a. (2. b) a. (%)} ✗
1- Which element to be
transmitted

☐ 2. what elements
have been

7- transmitted
= % (I . .

=

-I ☐no more
4. trans-

1.04£ I 1 .
-14£ 11. .24f= mission

2 11
2

'

=D { that} {Usa)skbB '

* * h-IE.CI?4f1=..O=--0 {(Isa) > laid,** { 1,2s . . -sr- I}tpbwvedtor] ***
** b=TpuE⇒r=n+ ,

** b-TRUE ↳CB
IIestablish.eIÉ¥i•^ II. need be provedfor 2. to be proved as

⇒ h=f
1 . .44f

establishments preservation derivabefom-nvaro.at =

domcf)
✓

✓



init: getting the transmission ready

FTP: Concrete Events in 2nd Refinement

receive: transmitting element by element

final: finalizing the transmission

"
¥ 0

§⇐=2 + / b :
-

- FALSE

☐ ?
4m¥ h :=0pitot 0h := index

7- {(Isa)} vi. = I0. U{①,aB u ② ?
L ② r:=r-11 {t④bB Exercise

wife ② r :=r-11 f v Tren
as soon

final

" receive
" behold → h :=hu{ craters)}

*disabled ,
"final

" should be # "j:{¥11bn tendersready to '-pr÷£_
today . b-- FALSE shoulda

→ r=n -11 hidden

☐→ b TRUE



I hope you enjoyed learning with me ¥

All the best to you £


